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Abstract 

We consider the spatially homogeneous Boltzmann equation for (true) hard and moderately soft 
potentials. We study the pathwise properties of the stochastic process (Vt)t> o, which describes the 
time evolution of the velocity of a typical particle. We show that this process is almost surely 
multifractal and we compute its spectrum of singularities. For hard potentials, we also compute the 
multifractal spectrum of the position process (Xt)t>o- 


1 Introduction 

The Boltzmann equation is the main model of kinetic theory. It describes the time evolution of 
the density f t (x,v) of particles with position x £ R 3 and velocity v £ R 3 at time t > 0, in a gas of 
particles interacting through binary collisions. In the special case where the gas is initially spatially 
homogeneous, this property propagates with time, and f t (x,v) does not depend on x. We refer to the 
books by Cercignani [B] and Villani [2B] for many details on the physical and mathematical theory of this 
equation, see also the review paper by Alexandre [lj. 

Tanaka gave in m a probabilistic interpretation of the case of Maxwellian molecules: he constructed 
a Markov process (U)t>o> solution to a Poisson-driven stochastic differential equation, and such that the 
law of Vt is ft for all t > 0. Such a process (Vt)t>o has a richer structure than the Boltzmann equation, 
since it contains some information on the history of particles. Physically, (Vt)t>o is interpreted as the 
time-evolution of the velocity of a typical particle. Fournier and Meleard [S] extended Tanaka’s work to 
non-Maxwellian molecules, see the last part of paper by Fournier [5] for up-to-date results. 

In the case of long-range interactions, that is when particles interact through a repulsive force in 1 /r s 
(for some s > 2), the Boltzmann equation presents a singular integral (case without cutoff). The reason 
is that the corresponding process {Vt)t >o jumps infinitely often, i.e. the particle is subjected to infinitely 
many collisions, on each time interval. In some sense, it behaves, roughly, like a Levy process. 

The Holder regularity of the sample paths of stochastic processes was first studied by Orey and Taylor 
m and Perkins m, who showed that the fast and slow points of Brownian motion are located on random 
sets of times, and they showed that the sets of points with a given pointwise regularity have a fractal 
nature. Jaffard [ I13j showed that the sample paths of most Levy processes are multifractal functions 
and he obtained their spectrum of singularities. This spectrum is almost surely deterministic: of course, 
the sets with a given pointwise regularity are extremely complicated, but their Hausdorff dimension is 
deterministic. Let us also mention the article by Balanga [3], in which he extended the results (and 
simplified some proofs) of Jaffard 131 . 

What we expect here is that {Vt)t >o should have the same spectrum as a well-chosen Levy process. 
This is of course very natural (having a look at the shape of the jumping SDE satisfied by (V))t>o)- 
There are however many complications, compared to the case of Levy processes, since we loose all the 
independence and stationarity properties that simplify many computations and arguments. We will also 

2010 Mathematics Subject Classification. 82C40, 60J75, 28A80. 

Key words and phrases. Kinetic theory, Boltzmann equation, Multifractal analysis. 

This work was supported by China Scholarship Council. 


1 



2 


Liping Xu 


compute the multifractal spectrum of the position process (X t )t> o, defined by X t = / 0 * V s ds, which 
appears to have multifractal sample paths as well. 

By the way, let us mention that, though there are many papers computing the multifractal spectrum 
of some quite complicated objects, we are not aware of any work concerning general Markov processes, 
that is, roughly, solutions to jumping (or even non jumping) SDEs. In this paper, we study the important 
case of the Boltzmann process, as a physical example of jumping SDE. Of course, a number of difficulties 
have to be encompassed, since the model is rather complicated. However, we follow, adapting everywhere 
to our situation, the main ideas of Jaffard P3] and Balanga [3]. 

Let us finally mention that Barral, Fournier, Jaffard and Seuret [1] studied a very specific ad-hoc 
Markov process, showing that quite simple processes may have a random spectrum that depends heavily 
on the values taken by the process. 


1.1 The Boltzmann equation 


We consider a 3-dimensional spatially homogeneous Boltzmann equation, which depicts the density 
ft(v) of particles in a gas, moving with velocity v £ R 3 at time t > 0. The density ft(v) solves 


dtft(v) 


dv * f doB(\v - v*\,cos9)[f t (v')f t (v() - ft(v)f t (v*)\, 
Js 2 


( 1 . 1 ) 


where 


■ u* 


+ 


\v - u* 


■ v* 


\v -v*\ 


a, and cos 9 = 


v — u* 
\v — u*| 


( 1 . 2 ) 


The cross section B(\v — v*|,cos0) > 0 depends on the type of interaction between particles. It only 
depends on |u — u*| and on the cosine of the deviation angle 9. Conservations of mass, momentum 
and kinetic energy hold for reasonable solutions and we may assume without loss of generality that 
f R3 fo(v)dv = 1. We will assume that there is a measurable function (3 : (0, 7 r] —> R + such that 


B(\v — u*|, cos0) sin# = \v — v^ 1 (3(9), 

3 0 < c 0 < C 0 , V 9 £ (0, 7t/2], cq9~ x ~ v < /3(9) < C' 0 #- 1 “ 1/ , (1.3) 

V # £ (7t/2,7t), (3(9) = 0 , 


for some v G (0,1), and 7 £ (—1,1) satisfying 7 + v > 0. The last assumption on the function (3 is not 
a restriction and can be obtained by symmetry as in pQ. Note that, when particles collide by pairs due 
to a repulsive force proportional to 1 jr s for some s > 2 , assumption HOD holds with 7 = (s — 5)/(s — 1) 
and v = 2/(s — 1). Here we will be focused on the cases of hard potentials (s > 5), Maxwell molecules 
(s = 5) and moderately soft potentials (3 < s < 5). 

Next, we give the definition of weak solutions of (ED- We define Tp(R 3 ) as the set of all probability 
measures / on R 3 such that m p (f) := f R3 \v\ p f(dv) < 00 . 

Definition 1.1. Assume (11.31) is true for some v £ (0,1), 7 £ (—1,1). A measurable family of probability 
measures (ft)t>o on R 3 is called a weak solution to <0 if it satisfies the following two conditions. 

• For all t > 0, 


vft(dv) = / vf 0 (dv) and 
Jr 3 


M 2 ft(dv) = / \v\ 2 fo(dv) < 00 . 


(1.4) 


For any bounded globally Lipschitz-continuous function (j> : R 3 —> R, any t > 0, 


/ R3 


<f>(v)ft(dv) = [ cj)(v)fo(dv)+ [ [ [ L B cl>(v,v*)f s (dv*)f s (dv)ds, (1.5) 

Jr 3 Jo Jr 3 Jr 3 


where v' and 9 are defined by OD, and 


L b 4>(v,v *) : 


B(\v — ?;*|,cos 9)(cj)(v') — (f>(v))do. 
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The existence of a weak solution to on is now well established (see m and El)- In particular, 
when 7 £ (0,1), it is shown in [14] that for any / 0 £ ^(R 3 ), there exists a weak solution ( ft)t>o to (11.111 
satisfying sup t>to m p (ft) < oo for all p > 2, all to > 0. Some uniqueness results can be found in jTTj . 

1.2 The Boltzmann process 

We first parameterize m as in uni. For each x £ R 3 \ {0}, we consider the vector I(x ) £ R 3 
such that \I(x)\ — |x| and I(x) _L x. We also set J(x) = |fr A I(x). The triplet (A, ^^) is an 

orthonormal basis of R 3 . Then for x, v, u* £ R 3 , 8 £ [0, n), tp £ [0, 2n), we set 

{ T(x, ip) := {cos ip) I(x) + (simp) J(x), 

v'(v, v„8, <p):=v- - u.) + ^T(u - v.,ip), (1.6) 

a(v, u*, 8, <p) := v'{v, v*,8, ip) - v. 

Let us observe at once that T(x, ip) is orthogonal to x and has the same norm as x, from which it is easy 
to check that 

|a(u, v*,9, p>)\ = (1.7) 

Definition 1.2. Let (ft)t> o be a weak solution to (11.111 . On some probability space (J c i)t>o> P), 

we consider a J'o-measurable random variable Vo with law fo, a Poisson measure N(ds, dv, d6 , dip, du) on 

[0, oo) x R 3 x (0, 7 t/ 2] x [0,27 t) x [0, oo) with intensity dsf s (dv)/3(6)dddipdu. A cadlag (J r t ) t >o-adapted 
process ( Vt)t>o with values in R 3 is then called a Boltzmann process if it solves 

n /*7r/2 p2iiv /* oo 

/ / / &(ys-,v,8,ip)l {u <\ Vs __ v \i}N(ds,dv,d6,d<p,du). (1.8) 

i 3 J o Jo Jo 

From Proposition 5.1 in 0, we have slightly different results for different potentials: when 7 £ (0,1), 
i.e. hard potentials, we can associate a Boltzmann process to any weak solution to dm but when 
7 £ (—1,0), i.e. moderately soft potentials, we can only prove existence of a weak solution to (11.11) to 
which it is possible to associate a Boltzmann process. 

Proposition 1.3. Let fo £ ^(R 3 )- Assume (11.311 for some 7 £ (—1,1), v £ (0,1). 

• If 7 £ (0,1), for any weak solution ( f t )t > 0 to (11.11) starting from fo and satisfying 

for all p > 2, all to > 0, sup m p (ft) < 00, 

t>t 0 

there exist a probability space (O, T, {fPt)t> 0, P), a (J-t)t>o-Poisson measure N(ds, dv, d6, dip, du) on 
[0,oo) x R 3 x (0, 7 t/ 2] x [0 , 27t) x [ 0, 00) with intensity dsf s (dv)f3{6)d8dipdu and a cadlag (J-’t)t> 0- 
adapted process (V))t>o satisfying L(Vt) = ft for all t > 0 and solving (11.81) . 

• If 7 £ (—1,0], assume additionally that fo £ P p (R 3 ) for some p > 2. There exist a probability 
space, a Poisson measure N and a cadlag adapted process (V))t>o o,s in the previous case, satisfying 
C{V t ) = ft for all t > 0 and solving (11.81) . 

The Boltzmann equation depicts the velocity distribution of a dilute gas which is made up of a large 
number of molecules. So, the corresponding Boltzmann process ( Vf)t>o represents the time evolution 
of the velocity of a typical particle. When this particle collides with another one, its velocity changes 
suddenly. It is thus a jump process. 





4 


Liping Xu 


1.3 Recalls on multifractal analysis 

In this part, we recall the definition of the main objects in multifractal analysis. 

Definition 1.4. A locally bounded function g : [0,1] —>• R 3 is said to belong to the pointwise Holder 
space C a (to) with to G [0,1] and a N, if there exist C > 0 and a polynomial P to of degree less than 
[aj, such that for some neighborhood I to of t 0 , 

\ 9 (t)-P to (t)\<C\t-t 0 \ a , vte/ t0 . 

The pointwise Holder exponent of g at point to is given by 

h a {to) = sup{a > 0 : g G C a {t 0 )}, 

where by convention sup0 = 0. The level sets of the pointwise Holder exponent of the function g are 
called the iso-Holder sets of g, and are denoted, for any h > 0, by 

E g {h) = {t > 0 : h g (t) = h}. 

We now recall the definition of the Hausdorff measures and dimension, see [7] for details. 

Definition 1.5. Given a subset A of R, given s > 0 and e > 0, the s-Hausdorff pre-measure Hf using 
balls of radius less than e is given by 

H s t (A) = inf I £ \h\ s : (I^j G & e (A) 
l ieJ 

where £P e (A) is the set of all countable coverings of A by intervals with length at most e. The s-Hausdorff 
measure of A is defined by 

H S (A) = lim H S AA). 

e-yO e 

Finally the Hausdorff dimension of A is defined by 

dim//(4) := infjs > 0 : 'H S (A) = 0} = sup{s > 0 : TL S (A) = +oo}, 
and by convention dim// 0 = — oo. 

We use the concept of spectrum of singularities to describe the distribution of the singularities of a 
function g. 

Definition 1.6. Let g : [0,1] —>• R 3 be a locally bounded function. The spectrum of singularities (or 
multifractal spectrum) of g is the function D g : R + — > R + U {—oo} defined by 

D g (h) = dim H (E g (h)). 

The iso-Holder sets E g (h) are random for most studied stochastic processes, but almost always have 
an a.s. deterministic Hausdorff dimension, as in the case of Levy processes m- 



1.4 Main Results 


Now, we give the main results of this paper. 

Theorem 1 . 7 . We assume for some 7 G (—1, 1 ), some v G (0, 1 ) with 7 + v > 0. We consider 
some initial condition fo G V 2 (R 3 ) and assume that it is not a Dirac mass. If 7 G (—1,0], we moreover 
assume that fo G ^(R 3 ) for some p > 2. We consider a Boltzmann process (Vt)te[o,il as introduced in 
Proposition II.01 Almost surely, for all h > 0, 



if 0 < h < I/27 
if h > 1/v. 


(1.9) 


The Multifractal Nature of Boltzmann Processes 


5 


The condition that /o is not a Dirac mass is important: if Vq = Vq a.s. for some deterministic Vo G M 3 , 
then Vt = vq for all t > 0 a.s. (which is a.s. a C°° function on [0, oo)). 

It is obvious from the proof that the spectrum of singularities is homogeneous: we could prove similarly 
that a.s., for any 0 < to < t\ < oo, all h> 0, dim//(£V(h) fl [t 0 ,ti]) = Dy(h). 

Finally, it is likely that the same result holds true for very soft potentials. However, there are several 
technical difficulties, and the proof would be much more intricate. 

Now we exhibit the multifractal spectrum of the position process. For simplicity, we only consider 
the case of hard potentials. 


Theorem 1.8. We assume (E3D for some 7 G (0,1) and some v G (0,1). We consider some initial 
condition fo G ^(R 3 ) and assume that it is not a Dirac mass. We consider a Boltzmann process 
(Vi)tg[o.i] as introduced in Proposition ll.dl and introduce the associated position process (^t)tg[o,i] defined 

by X t = / V s ds. Almost surely, for all h > 0, 


J 0 



v(h — 1) 
—00 


if 1 < h < 1 + 1, 

if h > p + 1 or 0 < h < 1. 


( 1 . 10 ) 


This result is very natural once Theorem 11.71 is checked: we expect that at some given time t , the 
pointwise exponent of X is the one of V plus 1. However, this is not always true: for instance, as can be 
seen on the simple example of the chirp function g(x) = a:sin(l/x): its pointwise exponent at 0 is 1, while 
its primitive has a pointwise exponent equal to 3 at 0. Balanga [3] has shown that such an oscillatory 
phenomenon may occur for Levy processes, but on a very small set of points. 

Definition 1.9. Let g : [0,1] —x R 3 be a locally bounded function and let G(t) = J* g(s)ds. For all 
h > 0, we introduce the sets 

Eg Vsp (h) = {t G Eg(h) : h G (t) = 1 + hgit)} and E° sc (h) = {1G E g (h) : h G (t) > 1 + h g (t)}. (1.11) 


The times t G Eg Usp (h) are referred to as cusp singularities, while the times t G E° sc {h) are called 
oscillating singularities. Observe that E g (h) = E g usp {h) U E° sc {h ), the union being disjoint: this follows 
from the fact that obviously, for all t G [0,1], hcit) > h g (t) + 1. We will prove the following. 

Theorem 1.10. Under the assumptions of Theorem \1.8\ we have almost surely: 

• for all h G [1/(2^), 1/v), dim// (^Ey sc (h)^J < 2 hv — 1, 

• for all h G [0, \/{2v)) U (1/^, +00], Ey c {h) = 0, 

• for all h G [0,1/^], dim// (^E^ J,sp (h)^ = hv. 

Actually, we will first prove Theorem II. 101 which, together with Theorem 11.71 implies Theorem II. 81 


2 Localization of the problem 

In the following sections, we consider a Boltzmann process (Vt)te[o 1] associated to a weak solution 
(ft) te[o,i] t° and driven by a Poisson measure N(ds , dv, dO , dip, du) on [0, 1]xR 3 x (0, 7t/2] x [0, 27t) x 

[0,oo) with intensity dsf s (dv)/3(0)d0d<pdu. 

For B > 1, setting Hb(v ) = we define, for t G [0,1], 






6 


Liping Xu 


where a is defined in (11. fill . We define the corresponding position process, for t G [0,1], as 

X t B = fv s B ds. 

JO 


( 2 . 2 ) 


In the rest of the paper, we will check the following two localized claims. 

Proposition 2.1. Let B > 1 be fixed. We assume OI for some 7 G (—1,1), some v G (0,1) with 
7 + v > 0. We consider the localized process introduced in \2.1\) . Almost surely, for all h > 0, 


D v .(h) = { ^ 
v v ' \ -00 if h> 1/v. 

Proposition 2.2. Let B > 1 be fixed. We assume (11.31) for some 7 G (0,1), some v G (0,1). We 
consider the localized process {V B )t >0 defined in \2.1\) . Then almost surely, 

• for all h G [l/(2i/), 1/v), dim// (^Ey^h)^ < 2 hi/ — 1, 

• for all h G [0,1/(2^)) U {l/v, + 00 ], Ey S fi{h) = 0, 

• for all h G [0, l/v\, dim// {h)^ = hv. 

Once these propositions are verified, Theorems 11.71 and 11.101 are immediately deduced. 

Proof of Theorems M and \l.l(A Since supr 01 ] |V t | < +00 a.s. (because V is a cadlag process), the event 
Qb = {sup[o p \Vt\ < B} a.s. increases to LI as B increases to infinity. But on LIb, we obviously 
have that {V t B )t&[o.i] = (^)te(o.i]- Hence on f Ib, it holds that for all h G [0, + 00 ], Dy{h) = D v b{K), 
dim ij{Ey c {h)) = dim H{Eyfi{h)) and dim h{E < // isp { h)) = dim h{E < // 1 b P ( h)). The conclusion then follows 
from the above two propositions. □ 


We thus fix B > 1 for the rest of the paper. 


3 Study of the velocity process 

3.1 Preliminary 

First, we need to bound ft from below. 

Lemma 3.1. There exist a,b,c > 0, such that for any w G R , any t G [0,1], 

M-XZv) > b, (3.1) 


where Jtf w = {»G R 3 : \v — w\ > a, |i>| < c}. 

Proof. As /o is not a Dirac mass, there exist v± V 2 such that V\,V 2 G Supp/o- We set a = . 

Step 1. We first show that there exists b > 0, such that for all w G R 3 , t G [0,1], ft{{v : \v — w\ > 
a}) > 2b. First, if |mj| > y/2m,2(fo) + a =: M, recalling that m 2 {ft) = mzifo) for all t > 0, 

ft{{v :\v-w\> a}) > f t ({v : |i;| < \w\ - a}) = 1 - f t ({v : |v| > \w\ - a}) 

> x _ rn 2 (f 0 ) > _ m 2 (/o) = 1 

{\w\ - a ) 2 “ 2 m 2 (/o) 2 

Next, we consider a bounded nonnegative globally Lipschitz-continuous function </> : R + —> [0,1], such 
that for all v > 0, l B ( 0 , a ) c (' (; ) > (/{\v\) > ls(o, 2 a) c (u), and define F{t,w) = f R3 cj>{\w — v\)ft{dv). We know 
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that t F(t,w ) is continuous for each w £ R 3 by Lemma 3.3 in [8]. Moreover, F(t,w) is (uniformly in 
t) continuous in w by the Lipschitz-continuity of <fi . So F(t,w) is continuous on [0,1] x R 3 . Since for all 
t > 0, Supp ft = R 3 by Theorem 1.2 in [8], we get F(t, w ) > f t (B(w, 2 a) c ) > 0, V (t, w) £ (0,1] x B(0, M). 
When t = 0, recalling that vi,V 2 £ Supp/o and a = , we easily see that for all w £ R 3 , either 

B(v\,a) C B(w, 2a) c or B{v 2 ,a ) C B(w,2a) c , whence F(0,w) > min{fo(B(vi,a)), fo(B(v 2 ,a))} > 0. 
Since [0,1] x B( 0, M) is compact and F(t, w) is continuous, there exists b\ > 0, such that f t (B(w , a) c ) > 
F(t, w) > b\ for all (t, w) £ [0,1] x B{ 0, M). So we conclude by choosing b = min(|, 6i)/2. 

Step 2. We now conclude. Using Step 1, 

ft({v : \v - w| > a, |n| < c}) > f t ({v : |u - w\ > a}) - f t ({v : |u| > c}) >2 b- 


So, we complete the proof by taking c = \J■ 


□ 


3.2 random fractal sets associated with the Poisson process 

First, we introduce some notations. Recall that h V B , E v b , D v b respectively the Holder exponent, 
iso-Holder set and spectrum of singularities of the Boltzmann process (V^' B ) te [ 0jl i. The notation 
represents the Lebesgue measure. J designates the set of the jump times of the process V B , that is, 

J:={ S £[ 0,1]:|AU S B |^0}. 

For m > 1, we also introduce 

Jm~{s£j: \AV S B \ < 2-™}, Jm-={s€j: 2-" 1 " 1 < \AV B \ < 2~ m }. 

For S > 0 and m> 1, we define the sets 

AT-.= U [s-|AK b | 5 , S + | a U s b | 5 ], A?:= |J [s-IAV/^s+IAV,-®! 4 ]. 

seJm 

Finally, for 5 > 0, we define 

As = limsupd™ = limsupd^ 1 . (3.2) 

oo ra—»-+oo 

The main result of this subsection states that 
Proposition 3.2. We have a.s. the following properties: 

(1) for all S £ (0, v), As D [0,1], 

(2) there exists a (random) positive sequence (e m )m>i decreasing to 0, such that 

-v{k n m ) =i ’ 

where we use the notation A$ = limsup m ^ +00 for all S £ (0, oo). 

Remark 3.3. We observe at once that for any 8 > S' > 0, As C A$ c As>. 

The reason why we study As comes from the following heuristics: if t £ As with 8 large, then t is 
rather close to many large jump times of V B , so that V B will not be very regular at t. On the contrary, 
if t, does only belong to those d^’s with 8 small, this means that t is rather far away from the jumps of 
V B , so that V B will be rather regular at t. 

We introduce dj (which resembles very much As) for technical reasons, mainly because at the critical 
value 8 = is, we cannot prove (and it may be false) that d„ has a full Lebesgue measure. 

The rest of this subsection is devoted to proving this proposition. We first recall the Shepp lemma, 
first discovered in El. in the version used in |13j . 
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Lemma 3.4. We consider a Poisson measure Tr(ds,dy) = ^(s,y a ) on [0,1] x (0,1) with intensity 

dsy(dy), where y is a measure on (0,1). We consider the set U = U se @(s — y s ,s + y s ). If 


exp 


li({y, 1 ))dy dt = +oo, 


then almost surely, [0,1] C U . 

We write N = where v s ,9 s ,ip s ,u s are the quanta corresponding to the jump 

time s G For convenience, we consider this Poisson measure by adding a family of independent 
variables (x s ) se ®, which are uniformly distributed in [0,1] and independent of v s ,9 s ,tp s ,u s , so that 
O := fi(s,v e ,6 a ,<p s ,u s ,x s ) is a Poisson measure on [0,1] x R 3 x (0,7t/2] x [0,27t] x [0,oo) x [0,1] with 

intensity dsf s (dv)/3(9)d9d<pdudx. According to Lemma [3.11 we know that f s (drf? w ) > b for all s G [0,1] 
and all w G R 3 . Then we can get the following lemma. 


Lemma 3.5. For m > 1, we introduce 


J' m ■= |s G @ ■■ u s < d 1 , v s G J#h b (v b -), 9 S < K2~ 


fs{^H B {V a -)) . 

where K = 1/(B + c) and where d = a (if 7 G (0,1),) or d = B + c (if 7 G (—1,0] ). Then we have 


JlnCJm and IJ [s- (^) ,s+ (^) 

se j> 


' a9 s \ s 


C A 


s ■ 


(3.3) 


Proof. We recall that, for all s G [0,1], \Hb{V s -)\ = 


| Vs- | Aff 


I Vs-I 


Vs- 


< B and that v s G J%h b (v s -) implies 


that | Hb{V s -) — u s | > a and |u s | < c. Then for all m > 1, for all s G Jfn, we have (recall (11.71) 1 


\ AV B\ = ^ 1 cos^ ^ _ Vs \ 1{u ^ lHB(Vs ) _ Vsn < 9 S \H B (V S .) - v,\ < K2~ m (B + c) = 2~ m . 
In addition, for all s G J ( n , using that \Hb(V s -) — u s | > a and that 1 — cos# > 9 2 /8 on ( 0 , 7 r/ 2 ], 


|ak b I 




1 — cos 9 S 
2 




a9 s 

v *l 1 {u.<|-»B(Vi_)-r>„p} ^ —T~- 


Indeed, the indicator equals 1 because we always have u s < d 1 < \Hb{V s ~) — u s | 7 (if 7 G (0,1), then 
| Hb(V s -) — v s | > a and d = a, while if 7 G (—1,0], then \Hb(V s -) — u g | < B + c and d = B + c). 
Consequently, for all m > 1, and all s G J' m , 0 < |A17 B | < 2~ m : this implies that Jf, C J m - Furthermore, 
for any S > 0, 


A?= |J [s-IAV/Y, s+\AV s B \ s ]D (J [s-(^)‘, s+(^) 51 


seJm 


S £ <Jln 


as desired. 

Lemma 3.6. Let m > 1 and 6 > 0 be fixed. The random measure 

Tm(As,dy') ) ] &(s,(a0 B /4) s ) 

is a Poisson measure on [0,1] x (0, 00 ) with intensity ds hl n (y)dy, where 

s 87rd 7 6 /4 1 / f (5 \ i_ x 

h m KV) = P\~y )y J 1 {y<(aif2-( m + 2 )) 5 A(a7r/8)' 5 }- 


□ 
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Moreover, we have 

c lU 1 T l{i;<(aif2-(™+ 2 ))' 5 A(a7r/8)‘ 5 } < Kn^V) 5 ClD~ l ~ T 1 {y<(aK 2-(™+ 2 ))'5 A(a7i-/8)' 5 } > 

for some constants 0 < Ci < C\ ( depending on B,5). 

Proof. By Jacod-Shiryaev j!2| [Chapter 2, Theorem 1.8], it suffices to check that the compensator of the 
random measure y s m (ds,dy) is dsh s m {y)dy, i.e., for any predictable process W(s,y), 


n oo 

W(s,y)(ii s m (ds,dy) - dsh s m {y)dy) 

pt p /> 7 r /2 r 2 ir pOO pi 

/ / / / / / W(s,(aO/ 4f)xW fl 

JO J R 3 Jo Jo Jo Jo 


b(V s _)i 9<K2~ m , u<d-i, x<b/ / s (^h B (y,_))} 

n oo 

W (s, y)h s m (y)dsdy 

is a local martingale. Recalling that O is a Poisson measure with intensity dsf s (dv)/3(0)d0d<pdudx , we 
know that 


n pT r/Z p ATI poo pi 

:Jo l { | 

(0(ds, dv, dQ , d</?, du , dx) — dsf s (dv)fi{0)d0dLpdudx) 


is a local martingale. Thus, we only need to prove that 

/> r 7r /2 p2n poo pi 


pi p pH/ A pA 7V poo pi 

l LI L l 

dsf s (dv)/3(d)d6d(pdudx 

pt poo 

/ / W{s,y)h s m (y)dsdy. 

Jo Jo 


Actually, 


n pTT/ A p ATT pOO pi 

/ / / / ^(s, (a(9/4) d )l {i;e ^ e<K2~™, u <d->, x<b/f B (^ HBiVs ,)} 

ds/ s ( dv)/3(9)ddd(fdudx 

n Tr/2 

W{s, (a9/4) s )l {0 <K2-™ } dsp(6)d6. 


Using the substitution y = (aO/ 4) 5 , we conclude that the intensity of is indeed dshL(y)dy. From 
m, we can easily get the bounds for h 5 m (y)- □ 


Now, we give the 

Proof of Proposition HOI We start with (1) and thus fix <5 £ (0,;/). By Lemma [3.61 we know that the 
random measure yL = s,(a 9 s / 4 ) s ) is a Poisson measure on [0,1] x (0,1) with intensity ds hL(y)dy, 

where 

h 5 m (y) > ay- 1 71 {y<(aiC 2 -( m + 2 )) 3 A(a 7 r/ 8 ) 5 }- 

Clearly, for all m > 1, 5 £ (0, v), 
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since 2 f t \f^ h s m {z)dz)dy > 2ci 
m> 1, 


A~ 2 


t 1 - 


Applying Lemma [ATI we deduce that almost surely, for all 


[o,i] c |J 


r 

(ad s \ s 

(a0 s \ s 


(-) ’ S + 

(“T/ . 


Consequently, almost surely, 


[0,1] C lim sup 

" w+0 ° seJL 




& 

i s + 




Recalling (13.21) and (13.31) . we deduce that [0,1] C As almost surely. 

We next prove (2). We set mi = 1. By (1), we have a.s. [0,1] C A, (1 _ 1/2 ) C U m > mi ^qi-i/ 2 )- 
Hence we can find m 2 > m \ such that 


x\ U ^/aflC 0 ’ 1 ] ) ^ 1 - 

Similarly, we have almost surely, [0,1] C A v (x—i/3) C U m > TO2 ^U(i-i/3)’ therefore we can hnd m3 > m 2 
such that 


irri2<m<m3 


1 

22' 


By induction, we can find an increasing sequence {rrij)j> 1 such that, for all j > 2, 


J2f 


^ m j _ 1 < m <m 7 - 

So, from the Fatou lemma, we have 




££ j lim sup u A ™( 1-1/1) niMi > lim sup 2zf u Dio.i] >1. 


j-¥-\- OO 


rrij—i <m<m 7 - 


j—>+00 


k 1 <m<m 7 - 


We now put e m = 1 for m £ [m^-i, rrij) and note that 


lim sup (J = limsupA™ (1 _ em) . 


j—>- + oo 




m—>-+oo 


The conclusion follows. 


□ 


3.3 Study of the Holder exponent of V B 

We now study the pointwise Holder exponent of the localized Boltzmann process V B . 

Definition 3.7. For all t £ [0,1], the index of approximation of t is defined by 

S t := sup{(5 > 0 : t £ H^}. 

For all t £ [0,1], the index of approximation of t reflects directly the relation between t and jump 
times of V B . If St is large, then t is close to many large jumps of V B . 
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Remark 3.8. Recalling Remark 13.31 and Proposition 13.21 we see that almost surely, for all t £ [0,1], 
St = sup{<5 > 0 : t £ Afi} and St > v. 

If t £ J, we know that h V B(t) = 0. Then for t £ [0,1] \ J, we claim that the Holder exponent is the 
inverse of the index of approximation. 

Proposition 3.9. Almost surely, for all t £ [0,1] \ J, h V B(t) = ■ 

To prove this claim, we need the following two lemmas. The first lemma, that will give the upper 
bound for /iys(t), can be found in )T5] and is as follows. 

Lemma 3.10. Let f : R —> R 3 be a function discontinuous on a dense set of points and let (t n ) n >± be a 
real sequence converging to some t and such that f has left and right limits at each t n . Then 

<limiof l0gl/(< "+ > ~ / [ t "~ )l . 
n ~> 00 log \t n - 1 1 

For the lower bound of h V B{t), we will use Lemma f.’!. 11 1 below, that relies on some ideas of [J. We 
first introduce, for m > 0, the following two processes: 



n ^7r/2 /*27 t p oo 

/ / / a(H B {V a -),v,e,<P)l{*<\H B (y.-)-v\-r} 

Jo JO Jo 

X dv, d6, dip, du), 

n /*7T / 2 /»27T pOO 

: 3 Jo Jo Jo 

x 1 {i\H B (y s _)-v\< 2 -™}N{ds, dv, do, dp, du). 

We can immediately observe that the process Zf ' m is almost surely increasing as a function of t. We 
also notice that a.s., for all x, y £ [0,1], 

\V B 

This comes from the inequality || Hb(V s -) — v\ < \3l(Hb(V s -),v,9,p)\ < d|Rs(I4_) — u|, which follows 
from (11.71) . 

Lemma 3.11. There exists some constant Cb > 0, such that 
(1) for all S > v, all m > 1, 


- V, 


B,m I 


V 


< 


I ryB,m ryB,m I 


(3.4) 


sup 

- Kf- 

> m2 s 

x,ye[0,l\,\x-y\<2~ rn 




< C B e- m/4 , 


(3.5) 


(2) for all m > 1, all X £ [0, 2 m ], 


E 



< e C B A2—(*-') _ 


(3.6) 


Proof. We first prove (13.51) . Setting A = 3x2 m /' 5 , recalling (13.41) and that zf' s is almost surely increasing 
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in t , we get 


p 

sup 

d m Dm 

- uf 

> m2 5 

< P 

sup 

yB-^ y B ,^f 

Zjx zjy 

> m2 s 


a,2/e[0,l],|a:-2/|<2- m 




:r,yG[0,l],|a;-2/|<2- m 




< 


Z 


s> ( 

k=0 L 
2 m —1 

< ^ e" m E 

/c—0 
2 m —1 

= : x 


(fe+l)2- 


- Z 


B, 1 


k2 ~m I ^ 


> 


to 2 _ t 


,{a(; 


exp A (■^(fc + ' 5 1 )2- m ^k 2 -' 


•)} 


fc=0 


We then set 


Jfc(t) := E exp {A ( 


1 7 B ' ? _ 7 A \ 

^t+fc2-*" Zj fc2-"“^ J 


Observe that I k = J k { 2 m )- For all i > 0, we have 


Jfe(t) = 1 + 27rE 


/* £-|-/c2 


/*7r/2 


' k2~ rn JR 3 JO 




expp(zf ” -^f 2 ’X)}(£ 


A0|i?B(V»)-«| 


-1) 


X I #5 04) U | 7l ||| i / B (v s )_^|< 2 -w} 


f3(9)d9f s (dv)ds 


From A 9 \Hb{V s ) — u| < 4A2 m I s = 12, we have e A6, l#B(W) "I — 1 < CAQ\H B {V S ) — v\ for some positive 
constant C. Using this estimate and recalling m, we get 


Jkit) <1 + CAE 


/*i-|-/c2 

/ k2~ rn 


J J exp | A ^ 


yB, ™ _ „B, ™ 
Zjs /j k2~ 


*)} 

x 9~ V \H B (V S ) — i>| 7+1 l 


{i\H B(Va )-v\<2-^} de ^ dV ) dS 

d9 <C\H b (V s ) - v\i +1 {\H b {V s ) - v\2^y- 1 


Moreover, 

*1 

<C\H B (V S ) - v\' 1+v 2^ ±1 . 

Since 7 + v £ (0,2) by assumption, we have | H B (V S ) — u| 7+I ' < (7(1 + |u| 2 + |ff_B(U s )| 2 ), whence 

pt-\-k2 
/ k2~ rn 

Since \H B (V S )\ < B, and by conservation of the kinetic energy, we have a.s. 


J k (t) < l + CT^^^E 




exp {A (zf'™ - Z^IS) } (1 + \H b (V s )\ 2 + M 2 )f s (dv)ds 


f (1 + \H b (V s )\ 2 + \v\ 2 )f s (dv) < 1 + B 2 + m 2 (/ 0 ). 

JR 3 


Using finally that A 2 ~7 “ = 3 x 2 t, we find that 

r t+k2~ m 


Jkit) < 1 + C S 2^E 


/ k2~ n 




exp <{ A ( Zg' " l -< 2 X)} 


ds 
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It follows that Jfc(f) < 1 + Cb2™‘' Jk(s)ds. Hence Jk(t) < exp(C_B2™‘"t) by the Gronwall inequality, 
so that Ik = Jk{ 2 _m ) < < Cb because 5>v. Finally, 


sup 

y B '™ _ y B ’™ 
v x v y 

> m2 -2 ? 

_x,ye[0,l\,\x-y\<2~ rn 




^ E 

fc =0 


e~ m Ik < C B 


This completes the proof of (13.511 . We only sketch the proof of (13.611 , since it 
Formula, 


e~m2 m < C B e" m/4 . 
is very similar. First, by Ito 


E 



= 1 + 2ttE 




^ e \e\H B (v e )-v\ 


l) \Hb{V s ) -v\ 1 l^ HB{VB) _ vl < 2 _ m y(3(6)d6f s (dv)ds 


Since X9\Hb(V s ) — v\ < 4 (because A < 2 m ), a similar computation as previously shows that 


E 

e \zf’ m 

< l + C' s A2 m(l/ - 1) E 

f e xz ?' m ds 




Jo 


< l + C B \ 2 m C-V / E [e xz *' m ]ds. 
Jo 


Owing to the Gronwall inequality, we deduce that E[e A ' z ‘ ’ ] < e c ’ sA2 ( ,4 . Taking t = 1, we obtain the 

conclusion. □ 

Now, we can proceed to the 

Proof of Provosition \3.9l Upper Bound. Here we prove that for all t £ [0,1], it holds that hyB(t) < 1/St- 
To this end, we check that for all S > 0, all t £ Ag, h V B{t) < 1/8. Let thus 5 > 0 and t £ Ag. By 
definition of Ag, for all m > 1, there exists t m £ J , such that \t m — t\ < |AV^® | 5 and |AV^| < 2~ m . 
From Lemma 13. 101 we directly deduce that 


h V B (t) < lim inf 
m—> oo 


log|AP^| 
log | t m ~ t\ 


< lim inf 

m—>• OO 


log|AVg| 
log |AV^ | 5 


1 

T 


Lower Bound. In this part we show that almost surely, for all t £ [0,1] \ J, hyB(t) > 1 /St- To get this, 
we need to check that for all 5 > v, if t (J Ag , then /iys(t) > 1/5. Let thus 8 > v and t (/ Ag. 

By Lemma [TTT] -(1) and Borel-Cantelli’s lemma, there almost surely exists mo > 1 such that for all 
m > Too, for all x, y £ [0,1] satisfying \x — y\ < 2~ m , 

|I4 S ’ f - V y B,!f | < m2"?. (3.7) 

Since t ^ Ag, there exists mi > mo, such that for all s £ J satisfying |AI/ S | < 2 -mi , we have 

| S -i|>|AF s B | 5 . (3.8) 


For all r £ [0,1], we define 


U T, 1 := E \ AV s B \ 1 {|av s s |>2 - 

s£[tA r,t\/r]nj 


G’ 


and we observe that 


\V B - V r B \ < \V B ’ mi - V B ' mi \ + U B ; mi 


Since t (/ J and since the process V B has almost surely a finite number of jump greater than 2 mi , we 
can almost surely find ei > 0 such that, for all r £ {t — e\,t + ei), U= 0. 
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Next, we put £2 = 2 mi 1 . Then for each r £ (t — e 2 ,f + e 2 ), we set m r = [log 2 jyryyj > m h for 
which 2~ mr ~ 1 < \t — r\ < 2~ mr . Then for all r £ (t — e 2 , t + e 2 ), we write 


\v t B ’ mi - v r B ’ mi \ < \v B ’ mr/s - v B ’ mr/s \ + \ AV s B \ 

se[tAr,tVr]nJ 


{ 2 ~ 


L <|AV/|<2-”*!}■ 


According to (13.81) . for s £ [t A r, f V r] D J, |zXV^| < 2 mi implies that | AV^| < |s — t] 1 / 6 < |r — tj 1 / 5 < 
2"^, whence the second term E se[t Ar,tvr]a7 l A ^ B l 1 {2 -^ <\ A vf\< 2 -^} vanishes ' 

To summarize, we have checked that for all r £ ( t — (ei A e 2 ), t + {e i A e 2 ) J, 


\ v t -v r \ < 


v; 


r/S 


-\rB,m r / 5 
V r 


Furthermore, since m r > mo, we conclude from (13.71) that, still for r £ (t — (ei A e 2 ), t + (ei A e 2 )^ , 


w° - v °\ S ' sp >«e (itth) |( 


|l/« 


This implies that h V B (t) > 4 and ends the proof. 


□ 


3.4 Hausdorff dimension of the sets A* s 

Now, we compute the Hausdorff dimension of Ag, which will be used for giving the spectrum of 
singularities and the proof of Proposition 12. 1 1 in the next subsection. 

Proposition 3.12. Almost surely, for all 5 > v, 

dimtf(dj) = -r and 'hL l ' A (A* s ) = +oo. 
o 

To check this proposition, we need the mass transference principle , proved in [5] , Theorem 2 (applied 
in dimension k = 1 and with the function f{x) = x a ). 

Proposition 3.13. Let a £ (0,1) be fixed. Let {Fi = [xi — ri, x, + ri]}j 6 N be a sequence of intervals in 
R with radius ri —> 0 as i —> +oo. Suppose that 


Jz?(limsup Ff D [0,1]) = 1, 


where Ff* := [x» — rf, Xi + rf]. Then, 


H a (lim sup Fi n [0,1]) = H a ([ 0,1]) = +oo. 

i— >-+oo 

Proof of Provosition I S. 1 Lower Bound. We fix 1 5 > v. For all m > 1, we set 

N m := 0 m = #{a £ J : 2~ m ~ x < \AV S B \ < 2~ m }. 

We can write J m = {T™,..., }, ordered chronologically. Then we define a sequence (F$ t j)j> i of 

intervals as follows. For j > 1, there is a unique m > 1 and i £ {1,2,..., N m } such that j = YlT=o Ak + * 
and write 

F S J := It™- \AV^L\ S ^~ em \ T™ + \ AV B rn , 
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where e m is defined in Proposition 15.21 By this way, we get a sequence of intervals (Fsj)j>i of radius 
tending to 0 and such that, for all a > 0, limsup J _ f+00 F c 6 \- = A* aS (this is obvious by definition of Ag, 
see Remark [331). Particularly, taking a = j G (0,1), we get 

lim sup Fg( S = A*. 

j—t+OO 

Thus by Proposition 13. 21 ('2h 



Consequently, by Proposition we have 

f limsup Fgj fl [0, l]') = +oo, 

' j—>•+ oo ' 

that is, 

(kj n [0,1]) =+oo. 

Then r H l, t s {A*g) = +oo and dim#(AJ) > j. 

Observing that the family of intervals Fg^ S does not depend on <5, we can clearly apply Proposition l3.13l 
simultaneously for all 5 > v and we conclude that a.s., for all <5 > z/, 'H V / S (A* S ) = +oo and dim£r(AJ) > j. 

Upper Bound. Let 6 > v be fixed. To get the upper bound for dim#(AJ), we show first that a.s., 
dim#(A,5) < j. For all m > 1, 

Nm = E 1{2— 1<|AVB|<2—} < E 2 m+1 |AP/|l { | AV B|< 2 _ m} < 2 
This estimate is obtained by using (IQ) . Then 

¥[N m > m2 mi/ ] < P \zf' m > im2 m(i/ - 1) ]. 

Setting A = we get 

P[Zf’ m > im2 m(!/ - 1) ] = P[AZf’ m > m/2] < e~^E[e AZ ^ m }. 

Since A = < 2 m , we infer from Lemma f3. 111 121 that 

E[e AZ i B ' m ] < C B - 


Hence we obtain 

P[7V m > m2 rnv ] < C B e- m/2 . 

According to the Borel-Cantelli lemma, we know that, almost surely there exists M > 0 such that, for 
all m > M, N m < m2 1 ™". __ 

Next, by definition of A k , 

U^kU U [s^2- kS ,s + 2- k % 

k>m k>m s€j^k 

so, recalling Definition 1.5, for all a > 0, and all m > M, a.s., 

( (J A?) < 2“ E N k2~ kSa < 2“ E k2 k ^~ Sa l 

k>m k>m k>m 
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But recalling m, Ag C (J fc>m Ag, whence, for all a > 0, and all m > M, a.s., 

n*- m s + i(Ag) <2 a J2 k2 k ^~ Sa \ 

k>m 

Consequently, 

U a (A s )= lim H%- mS +i(A s )< 2 a lim V k2 k ^~ Sa l 

fc>m 

It follows that T~L a {Ag) = 0 for all a > is/5. Thus, dim//^^) < ts/5 by Dehnition ll.5l Since Ag C Ag* for 
any S' £ (0,5), we easily conclude that, a.s., 

dim//(A;*) < is/5. 

We have shown that for all S > v, a.s., dim#(AJ) < is/5. Using the a.s. monotonicity of <5 i—>• Ag, it 
is not hard to conclude that a.s., for all S > is, dim#(j4J) < is/5. □ 

3.5 Spectrum of singularity of V B 

Using Proposition 13.91 we can easily get the following relationship between E v b{K) and A* s . 
Proposition 3.14. Almost surely, for all h > 0, 

E v s{h)=[ p| A* s )\[ |J Afj. 

6^.(0,1/h) 5>l/h 

and 

e v b (0) = ( p| A*). 

8g( 0,oo) 

Remark 3.15. Due to Rem,ark \S.A Proposition \3.1f\ also holds when replacing everywhere Ag by Ag. 
We now can finally give the 

Proof of Provosition \2.1l We first deal with the case where h £ (0, l/v\. By Propositions 13.1 41 and I3TT21 

D v b{K) = dim h (^E V B(h)) < dim// ^ P ^4^ < inf dim//(AJ) = his. 

ae(o,i /h) 5e(o,i//t) 

On the other hand, we observe that (recall that S H > Ag is decreasing) 

D v b ( h .) = dim// (e v b ( h)) > dim// ^ A *i/h\( U ^))- 

6>l/h 

But 

-H hv (Al /h \( (J A* s ))=n hv (Al /h )-n hv { U A*g). 

5>l/h 5>l/h 

For all 5 > 1/h, dim//(AJ) = j < his, thus 'H h ' y (A*g) = 0. Moreover, recalling that Ag is decreasing when 
S > is, hence 

H hv ( |J At) =0. 

5>l/h 

Next, Proposition [332] (if his < 1) and Proposition 13.21 (if his = 1) imply that 

n hv {Al /h ) > o. 










The Multifractal Nature of Boltzmann Processes 


17 


Consequently, dim# \^\/ h \ (Us>i/hAg)J > hu, whence finally, D v b(K) > his. We have checked that for 
h £ (0, l/i/], it holds that D V B[h) = his. 

When h = 0, we immediately get, using Proposition 13. 121 that 


dim# (e v b ( 0 )) = dim# ( Q A^j 

<5e(0,oo) 


< inf % = 0 . 

<5e(0,oo) 0 


= o. 


Since furthermore E v b (0) D J is a.s. not empty, we conclude that dim# ^ E v b ( 

Finally, when h > A, we want to show that dim# ^EyB(h)j = —oo, i.e. that Ey B (h) = 0. This claim 


immediately follows from Remark 
and for t £ J, h V B (t) = 0. 


and Proposition 13.91 since for all t £ [0,1] \ J , h V B[t) = j- < A, 


□ 


4 Study of the position process 

The goal of this last section is to prove Proposition 12.21 We thus only consider the case of hard 
potentials 7 £ (0,1). Since X B = f Q V s B ds , we obviously have a.s., for all t £ [0,1], 

h X B (t) ^ 1 + hyB (f). (4-1) 

Recall that by Definition, t £ Ey S f(h) if h X B(t ) > 1 + h V B(t) and t £ E^ P {h) if h X B{t) = 1 + h V B[t). 
Inspired by the ideas of Balanga [3], we will prove several technical lemmas to get Proposition 12.21 


4.1 Preliminaries 


For any m > 0 and any interval [r, t] C [0,1], we set 

:= tth 6 [r,i] n J : \AV S B \ > 2~ m j. (4.2) 

Lemma 4.1. For any m > 1 and any interval [r,t] C [0,1], 

( 1 ) we have 

rrm ^ nm 

U [r,t] X 1 

where R^ t] = f* f R3 fl' 2 f 2w / 0 °° l{ 0 (B+M)> 2 -™}l{«<(s+|^|)T}A^(ds, dv, dO, dip, du); 

(2) and, with a > 0 introduced in Le.rnnia lS. 1\ (this actually holds true for any value of a > 0), 


tt m nm 

n [r,t] - 


* re %=/;u; /2 fri{i» -H B {V s -)\>a}^-{S>2- m + 2 /a}l{u<a'r}tV(ds, dv, d6, dip, du) . 
Proof. By definition of V B , see (EH), we have 


H 


m 

[ r,t] 




L {|a(flB(V s -),V0, V ))|>2- 


} 1 { m <| H B (v s -)-v\'r}N(ds, dv, dd, dip, du). 


Then the claims immediately follow from ^ | Hb(V) — u| < |a(F/#(IA), v, 6, ip) | < 9(B + |u|), see (ED, 
and \Hb(V) — u| 7 < (B + |u|) 7 . □ 


Remark 4.2. Glancing at their definitions, it is clear that Sp and Kffo are J^t-measurable, that Kyo 
is independent of and is a Poisson variable with parameter (Ap t i), where 


pt p /»7t/2 p“2tt p 00 

K,t] = / / / / / 1 {e(B+\v\)>2-™}l{u<(B+\v\)y}dsf s (dv)/3(0)d9dipdu. (4.3) 

Jr Jr 3 Jo Jo Jo 

Using and that TO 2 (/ s ) = m 2 (/o) for all s £ [ 0 , 1 ], one easily checks that there exists a constant 

Cb > 0 such that A™ t j < C#2 mi/ |t — r| for all m > 0 and all 0 < r < t < 1 . 
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4.2 Refined study of the jumps 

The goal of this part is to prove the following crucial fact. 

Lemma 4.3. Fix e > 0 and set a = v{\ — 2e) and ft = i^(l + 4e). Almost surely, there exists M > 1, 
such that for all m > M, for all t € [0,1], there exists t m € B(t, 2~ ma ) such that lAV^) > 2~ m and 
there is no other jump of size greater than 2~ m C+ e ) in B(t m , 2~ m ^/3). 

We start with an intermediate result. 


Lemma 4.4. Fix e > 0, a = ^(1 — 2e) and f3 = v(\ +4e). For any interval 1= [tods) C [0,1] with length 
2~ m P, divide I = [todi) U \ti,t 2 ) U [t 2 ,t 3 ) info three consecutive intervals with length 2 _T7l ^/3. Consider 
the event 


A 


m,e 

I 


{H 


m{ 1+e) 
[toM) 


o}n {H 


m(l+e) 
[^l 5^2) 


= H 


m 

[£i 5^2) 


1 }n{H 


m( 1+e) 
[*2 ,* 3 ) 


0 }. 


There exist some constants cb > 0 and m e > 0 such that, for all m > m e , all intervals I C [0,1] with 
length 2~ m P, 

9[A™' e \& t0 }>c B 2- 4m " e . (4.4) 


Proof. We introduce A, = {H^ = 0}, A 2 = ^ = 1} and A 3 = = 0}, so 

that A7’ e = Ai n a 2 n a 3 . 


Step 1. First we write, since A\ fl A 2 £ ^ t2 , 


mv \^j =e [iA in A 2 p[A 3 |^ t2 ]|^ t0 ]. 


But using Lemma FTTI and Remark 14.21 


nM&t,] 


H 


m(l+e) 

1*2,t 3 ) 



> P 


p m( 1+e) 
U [*2,* 3 ) 




exp(—A 


m( 1+e) 
[*2 ,* 3 ) 



for all m large enough (depending only on e), since < CB2 mv 2 m/3 /3 < Cb2 3me /3. Conse¬ 

quently, for all m large enough (depending only on e > 0), we a.s. have 

P[AH^ t0 ] >ip[AinA 2 |^ 0 ], (4.5) 


Step 2. We next write 

P[Ai nA 2 \^t 0 \ =E l Al P[A 2 \^ tl \ 

But using again Lemma T4. II 

A 2 ={H^ t2) > 1} \ {H^f > 2} d {S^ t2) > 1} \ > 2}. 

Thus, 

P[A 2 |^ tl ] > P[S£, ta) > l|^ tl ] -P[<,S e) > 2|^]. 

First, by Remark 14.21 

'Kill' 1 > 2|^..] =!-(! + <,«’) «P ( - <■«’) < (CJ’) ! S C ° 2 ~ 

Next, we put Y t := S'!" ^ for t > t\ and observe, according to Ito’s Formula, that 

/*7t/2 /»27T pOO 

/ / / {\v—Hb (V s _)|>a}b{u<ar}l{#>2~ Tn + 2 /a} 

Jo Jo Jo 

X (l{y s _+Av;=o[ - 1 {Y s _=0}) N {ds,dv,d9,d(p,du) 

/*7r/2 p2n pa 1 

/ / / l { | w _ ffB (y s _)|>a } l { Ys _=o} N (ds,dv,dd,d<p,du). 

J 2 -m + 2 /a J 0 JO 


'i—Omue 


l{F t =0} — 1 + 


= 1 - 
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Hence, for all t > t\, 

^ E [ 1 {vi=o}|^ti] = -E 

Using (11.31) and Lemma [3.11 (which implies that f s ({v G R 3 : |n — Hb(V s )\ > a}) > b > 0 a.s. for all 
s G [0,1]), we easily deduce see that 

^E[l m=0} |jr tl ] < -«2"“'E[l {rt=0} |^i 1 ], 

for some positive constant k. Integrating this inequality, we deduce that a.s., for all t > t±, 

E(l {yi=0} | & tl ) < exp{-«;2 mv (t - ti)}. 


/ R3 


j-Tv/2 

/ 2 — m +2 / a 


l{\v-H B (v t )\>a}l{Y t =o}Mdv)/3(8)d9dtpdu 




Consequently, 

P [ 5 Er ilt2 ) > l|^] = 1 -E(l {yt2=0} |^ tl ) > 1 -exp{-«2’ n "(t 2 -t 1 )} = 1 - exp{-«2- 4m -/3}. 
Finally, for all m large enough (depending only on e), we a.s. have 

P[A 2 \& tl ] > 1 - exp{—K2 _4mi/£ /3} - C B 2~ 6mvt > c s 2- 4ml/e . 


Step 3. Finally, exactly as Step 1, we obtain that for all m large enough, 


Step f. It suffices to gather Steps 1, 2 and 3 to conclude the proof. □ 

Proof of Lemma \4-3\ We thus fix e > 0 and consider a and /3 as in the statement. For m > 0, we introduce 
the notation r m = 2 -m ^/3. We also introduce the number q ^ := [2 m b 3_ “)J, the length £ m := g^2 _m ^ 
(we have t m < 2~ ma and £ m ~ 2~ ma ) and the number q^ := |_1/7 TO J + 1 (we have q^ ~ 2 m “). We 
consider a covering of [0,1] by qf, consecutive intervals I\ n ,..., 7 f ™ with length £ m . Next, we divide each 
Iff 1 into consecutive intervals 7™ ,..., 7™ 2 with length 2~ m ^. Finally, we divide each Iff- into three 
consecutive intervals with length r m , writing If™ = [tfffj, ^•+r TO )U[t™ J -+r TO , tfffj +2r m )U[tYfj +2r m ,tfff j+1 ). 
We consider the event 


m _/ pr rn ( 


0}n{77 


m(l+e) 


,f™-+2r m ) 


TTin 


i}n{77 


m(l+e) 

I^+ 2r ’ 


0 }. 


According to Lemma 14.41 we know that if m is large enough (depending only on e), a.s., for all i,j 

¥[A™\& tT J>c B 2- irnvt . (4.6) 

We now consider, for each z, the event 

<7m 

7t mji = f|(A-) c . 

j=i 

Then, we easily deduce from (14.61) . together with the fact that Afff 1: ..., Aff j _ 1 G for all j = 

- !, that 


P(7r m>i ) < (1 - c B 2 - 4m -)«™ < (1 - c B 2 - 4m ^) 2m( ' 3 "“ ) 
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Thus for to large enough (depending only on e), we conclude that 

P (K mii ) < exp ( - CB 2-^2 m ^-^) = exp ( - c B 2 2rm/e ). 

Next, we introduce the event K m = (Ji=i Km,i- Clearly, for m large enough, (allowing the value of the 
constant c B > 0 to change) 


P(A„) < 9m exp(—cs2 2m!ye ) < exp(-c s 2 2ml/£ ). 

Finally, using the Borel-Cantelli lemma, we conclude that there a.s. exists M > 0 such that for all 
to > M, the event is realized (whence for all * = 1,..., q^, there is j £ {1,..., q^} such that A™j is 
realized). This implies that a.s., for all to > M, for all t £ [0,1], considering i £ {1,..., q such that 
t £ I™ and j £ {1,..., q such that Aff is realized, V B has exactly one jump greater than 2~ m A+A in 
the time interval IJj , this jump is greater than 2~ m and happens at some time t m located in the middle 
of IJj (more precisely, the distance between t m and the extremities of Iff is at least r m ). We clearly 
have | t m — t\ < i m < 2~ ma , |AV)^| > 2~ m , and V B has no other jump of size greater than 2 -m ( 1+e ) in 
B(t m ,rm) C /")■. The proof is complete. □ 


4.3 Uniform bound for the Holder exponent of X B 

We show here that D x s{h ) = — oo for all h > 1 + 1/za We use a general result for primitives of 
discontinuous functions. It based on Proposition 1 in j2j, recalled in the following lemma. 

Lemma 4.5. Let q > 0 and let N > q be an integer. Let g : R — > M be a locally bounded function and let 
ip be a C°° compactly supported function with its N first moments vanishing, i.e. f R x k ip(x)dx = 0 for 
k = 0,..., IV — 1. The wavelet transform of g is defined by 

W i ,(g,a,b)=- f g{t)ip(- — -^dt. (4.7) 

a Jr V a J 

If g £ C 7? (to), then there exists a constant C > 0 such that for all a > 0, all b £ [to — l,to + 1], 

\W^(g, a, 6)| < C (a 71 + |f 0 — b\ v ). (4.8) 

Now, we give the following general result. For any function g : R —>• R, and any interval I CR, we set 

osc i(g) = sup g(x) - inf g(x). 

Lemma 4.6. Let g : [0, oo) —> R be a cadlag function, discontinuous on a dense set of points, let 
G(t) = f 0 g(s)ds. Lett > 0 and let (t m )m>i be a sequence of discontinuities of the function g converging 
to t. For all s £ R, all to > 1, we define 


gmi.s') — Jml{s>t m }i (A9) 

where J m = g(t m +) — g(t m —). Assume that for all m > 1, there exist r m > 0 and S m > 0 such that 


0SC[ tm -r m , t m +r m ](g m ) < Sm and lim -A- = 0. 

m—>•+oo \J rn \ 


(4.10) 


Then 


h G (t) < lim inf 

oo 


log 1 


1 

log | 

(l*r 

n ~ t\ + 1 



(4.11) 
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Proof. Let ip be a positive C°° function, supported on [0,1] satisfying f R (p(x)dx = 1. 

For k > 1, let ifkif) = p^ k \t), it is clear that V’fc is C°°, supported on [0,1] and that its k first 
moments vanish, so it is a wavelet. 

We now pick an integer N such that N — 2 is larger than the right hand side of (Id. Ill) , and we denote 
by Cjv(a, &) := W^ N (g,a,b) and Cjv+i(a, b) := W^ N+1 (G,a,b) the wavelet transforms of g and G using 
the wavelet i/j x and if x +i, respectively. An integration by parts shows that 

c N (a , b) = -~C N+1 (a, b). (4.12) 

a 

We fix 9 £ (0,1) such that i/jn- i(0) > 0. It follows from (14.911 that CAr(r m ,f m — 9r m ) = P m + Q m , where 


1 f +°° 

Pm — / N 

r m J—qq 


S -tm+ 9r n 


j r + °° 

ds = — lf N 
r m J tm 


s -t m + Orr, 


ds = -J m ip N -i(0) 


and 


i f + ! \ i ( S J 1 f + / / \ /, « , ( s tm + 9r m ^ 

Qm = - / g m {S)tPN I - I ds = - / (gm(s) - g m {t m ))lp N I - I ds, 

Tm J — oo \ J — oo \ ^m J 


where we used that i1> X has a vanishing integral. Observing that 


supp I IpN 


tm T 9r ri 


£ [tm I'm! tm T I'm] 


and recalling (14.101) . we deduce that \Q m \ < ‘2\\'f’N\\oo5m. As a conclusion, 

[C-Nijemitm 9r mf\ A |^m| |Qm| ^ IpN— l(^)l'An| ||oo^m A c|,/ m | 

for all m large enough, since lim m _> +00 = 0 by assumption. Then we obtain according to (14.121) . 


|CjV+l( T* m i tm - 9r m )\ > cr m | Jm | • 


(4.13) 


Assume that G £ C v (t) for some g > liminf m _ > . +00 [log(r rn | J m |)/[log(|f m —1|+r m )]. We apply Lemma 
14.51 with g = G, if = ^jv+i, cl = r m , b = t m — 9r m . Hence, there is a constant C such that for all m, 


\C N +i(r m ,tm ~ 9r m )| < C (r^ + \t - t m + 9r m \ T1 ) < C(r m + |f - t m \) v . 

This contradicts (14.1311 . so necessarily (14.111) hold true. □ 

We next apply this lemma to our position process to get a uniform upper bound for all pointwise 
Holder exponents of X B . 

Proposition 4.7. Almost surely, for all t £ [0,1], the Holder exponent of X B satisfies 

h X B(t)< 1 + -. (4.14) 

v 

Proof. We fix e > 0 and set a = v(fi — 2e) and /3 = + 4e). We show that a.s., h X B{t) < (1 + /3)/a for 

all t £ [0,1]. This clearly suffices since e > 0 can be chosen arbitrarily small. 

Lemma IT3l shows that there a.s. exists M > 0, such that for all m > M , for all t £ [0,1], there 
exists t m £ B(t, 2~ ma ) such that | AV t B \ > 2 _m and such that there is no other jump of size greater than 
2 ~m(i+e) in rm ) j with r m := 2-^/3. 

We now fix t £ [0,1]. Up to extraction, one can assume that the first coordinate V B of the three- 
dimensional vector V B satisfies |AV)^| > 2 _m /3. We now apply Lemma [4.61 with g = V B and r m = 
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2 m/3 /3. We thus introduce g m {s) = g(s) — AV^l{ s > tm }. Since V B (and so V B ) has no jump with size 
greater than 2 _m(1 +<0 within the interval B(t n ,r n ) = (t m — r m ,t m + r m ), we observe that 

OSC B(t n ,r n )(9m) < 2 X SU P \ V B Ml+A - Vy B ’ m ^\. 

x,y€[0,l],\x—y\<2- rn P 


Next, using Lemma 13.111 (41 (with 5 = /3/ (l+e) > v) and the Borel-Cantelli Lemma, we deduce that there 
is a.s. M' > 0 such that, for all m > M' , all 0 < x < y < 1 with \x—y\ < 2~ m h, |’l4 S,m ^ 1+e ' 1 — p^ S ' m ( 1+e )| < 
m/32- m ( 1+e ). That is, 

OSC B{t n ,r n )(gm) < 2m/?2 _m(1+e) . 

Since furthermore limm^+oo 2m ^yB \ ~ A lim TO _>.-|_ 00 2 m 2 -^/ 3 —” = Oj we can apply Lemma [4.61 with 
S m = 2m/32 _TO d+ e ) : 


h X B (t) ^ liminf 


log (r m |AV*|) 

—tjA- 1 < liminf 

m —>+00 log(|t m — t\ + r m ) m—H-00 


log ^2 _m d+^)/9^ 
log(2.2 _mQ ) 


1 + /3 

a 


We used that r m |AU t ^| > (2" m /3)(2- m ^/3) and that |t m - t\ + r m < 2~ ma + 2“ m ^/3 < 2.2- m “. This 
ends the proof. □ 


4.4 Study of the oscillating singularities of X B 

To characterize more precisely the set of oscillating times, we first give the following lemma. 


Lemma 4.8. Let S > v, e > 0 and k £ N satisfy S > v(l + e)[k + 1 )/k. For all m £ N, let 
j ...,L 2 m ' 5 j+i tie the covering of [0,1] composed of successive intervals of length 2~ m5 . Almost surely, 
there exists M > 1 such that for all m > M, for all j = 1,..., |_2 m<s J , recalling jf-ty), 


„m( l+e) 

H i T ui T+1 


< k , 


(4.15) 


Proof. Using Lemma E3~ll and Remark fOl 


H 


m(l+e) 


> k 


)<p( 


R 


,m( l+e) 
7 m UJ™ , 


> * 






r -A-oui, 


f=fc+i 




<(A” 


m(l+e) \fe+l 


l U/" 


where the value of Ais given by equation (14.31) . But, since the length of J m U is 2.2 mS , we 

j j +1 *' •■'T 

apply the upper bound found for Aj”, in Remark 0^1 to get A^J,jm < 2C' B 2 ml 'd+e)-m<5 ) so that 

L » J 1 j 1 j +1 


p (^™^ > fc ) < 2C B 2 1+m(fc+1) (Ui+4-<5)_ 


Consequently, 


[2 mS i+i 

i u { 


H 


m(l+e) 

L m UI™ 


> 


1=1 


< 2C B 2 mS 2 m( ' k+1 ' > ^t 1 + e )- s ) 


2,Cb2i~ m ^(^ —i/ (i+ e )(^+i)/^) 


By assumption, this is the general term of a convergent series. We conclude thanks to the Borel-Cantelli 
lemma. □ 


We first study the case where h G [0, l/(2i/)). 

Lemma 4.9. Almost surely, for all h g [0, l/(2i/)), Eyf(h) = 0. 
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Proof. According to (14.11) . it is sufficient to check that for h £ [0, \/(2v)\, for all t £ E v b{K), h X B(t) < 
l + h. We fix e > 0 so small that there exists 5 £ (max{2z/(l + e), l/(h+e)},l/h). Next, we fix t £ E v b (fi). 
By Remark 13.151 we know that t £ Aij^ l+e \ . Hence for all n > 1, we can find m n > n and t n £ J mn 
(that is \AV B | £ (2- m ”" 1 ,2- m "]) such that \t n -t\ < \AV t B |V(M-e) < Applying Lemma Ol 

with k — 1 (since S > 2v(l + e)), we deduce that V B has no other jump of size greater than 2 -mn ( 1+e ) 
in 

As we did before, up to extraction, we can e.g. assume that the first coordinate V B of V B satisfies 
\AV B | > 2- m '*/3 for all n > 1. 

We then apply Lemma 14.61 with g(s) = V B and g n (s) = g(s) — AV t B l^ s>tri y, with the choices 
r n = 2~ mnS and 6 n = m n 52~ rrin ^ 1+e \ It indeed holds true that lim rl _>.+ 00 8 n /\AV^\ = 0 and, thanks to 
Lemma 13.1 in i') (which is licit because 5/{ 1 + e) > v) and the Borel-Cantclli Lemma, we deduce that 
a.s., for all n sufficiently large, 

OSC B{tntrn) (V B ) < Sup | V B ’™n(l+e) _ yB,m n (1+e) | < . 

x,y£[0,l],\x — y\< 2 ~ rn riS 


We conclude from Lemma rTTTTI that 

log (r„|AV t f|) 


h X B ( t ) < lim inf 


n \og(\t n - t\ + r n ) 


< lim inf 


log (V m "( 1+,5 V3) 
log(2.2- m ’*/( , *+ e )) 


— (1 + 5)(h + e). 


We used that r n \AV t B \ > (2~ m ^/3)2~ m ^ while \t n - t\ + r n < 2- m «/(ft+0 + 2~ m < 2.2~ m ^^ h ^. 
Letting e —>■ 0 (whence S —>• 1/h), we conclude that h X B (t) < 1 + h as desired. □ 


Before computing the dimension of Eyfih) when h £ [1/(2^), l/i/), we need to count those jump 
times that are very close to each other. 

Lemma 4.10. For e > 0 and m > 0, denote by 0 < Tf rn < ■ • ■ < T^f n < 1 the successive instants of 
jumps ofV B with size greater than 2 _m ( 1 + £ ). For S > 0, we introduce 

K c , m 

i=l 

with the convention that Tg’ m = 0. For any fixed e > 0 and S > 0, there a.s. exists M > 0 such that for 
all m > M, 

jy( 5,e ^ 2-™<5+2rm'(l+2e) 

Proof. Recalling Lemma H~T1 we see that {Tf rn .... , } C ..., where 0 < Sl’ m < ■■■ < 

S B Tm are the successive instants of jump of the counting process It r f2\ +f> ■ Consequently, 


N S,e < ft8,e 


L c , m 

1=1 


By Remark 1 4. 21 we know that t] +e ' > an inhomogeneous Poisson process with intensity bounded by 
C s 2 m ( 1 +0^. Consequently, 


N, 2 miy (l + 2€) 


< 2- rnu{ - 1+2t '>C B 2 rn{1+t)v < C B 2 


—mve 


Hence, applying the Borel-Cantclli lemma, we know that almost surely, there exists M’ > 1 such that for 
all to > M', 

2mi/(l+2e) 

L e ,m < 2 mly(1 +2e) an d thus ^ . 

i= 1 
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But for all i > 1, Sf ,m — S/ff is bounded from above by an exponential random variable with parameter 
C B 2 m{1+e)v , so that - S?™ < 2~ mS ) < 1 - exp(-C B 2 m( - 1+e '> v 2- m5 ) < C B 2 m ( 1 + e ) 1 '-™ 5 and thus 


ni/(l + 2e) 


'( X 


L {Sf m -Sf™< 2- 


^ n, 2~ m ^+2^^(l+2e)^ ^ 2 m '5- 2ml/ ( 1 + 2e )2 rra!/ ( 1 + 2e )(7 B 2 m ( 1+e ) 1 ' 


—mS 


= C B 2- 


By the Borel-Cantelli lemma again, there exists a.s. a constant M" > 0 such that for all m > M". 


2 m i/(l+2e) 


E 


1 / o—m<5+2mi'(l+2e) 
{S^ m -5£^<2-m5} <2 


As a conclusion, a.s. we have iV^ e < 2" m ' 5 + 2m! '( 1 + 2e ) for all m > M' V M". Choosing M = M' V M" 
completes the proof. □ 

Now we treat the case where h £ \l/{2v), 1/v). 


Proposition 4.11. Almost surely, for h £ \l/{/2v),1/v), dim# (^Eyg (h)j < 2hv — 1. 

Proof. We divide the proof into several steps. 

Step 1. For any fixed e > 0, <5 £ (v, 2v\ and m > 1, we consider the sets 

F m (S, e) = (J - 2~ mS , T/fff + 2“ m5 ] U [Tf’ m - 2“^, 71 e ’ m + 2~ m5 }) , 

{i:T i 6,m -T i 6 i™<2- m ' 5 } 

where the family T) e,m has been introduced in Lemma 14.101 and the associated limsup set 

G(S,e) = limsup F m (5, e). 

m —>-+oo 


For every n > 1 , U m >„ F m (6, e) forms a covering of G(6 , e) by sets of diameter less than 2 ra<5+2 , and 

Lemma [4.101 allows to bound by above the cardinality of such sets. Hence, choosing s > as _ 

for every n large enough one has 


-TJS 
rt - 2~ n 


E 2 — m8s-\-2sjy8,e 2 ^^ 2 — tyi[s~\~1.')8-\-27tli/[1.-\-2£') 


We deduce that lim^+oo T-L^_ nS+2 (G{5, e)) = 0, hence r H s (G(S,e)) = 0. Therefore, dim# (g(5, e)^ < 

2i/(l+2e) 

s 

Step 2. Here we fix h £ \l/{2v), 1/v ), we consider e > 0 such that 1 /[(h + e)(l + e)] > v, we set 
S e = l/(h + e) and we prove that Eyg(h) C G(S e , e). 

We consider t £ E v b(Ii) \ G(S e ,e) and we show that h X B{t ) = 1 + h, which will imply indeed that 
t £ Ey° p {h). 

Since t £ G( <5 e ,e), there exists N > 1 such that for all m > N, t ^ F m (S e ,e). Moreover, for any 
0 < r] < e, since t £ E v b{K), by Remark Id. 151 we know that t £ Ag n (because S v = l/(h + rf) < 1/h), so 
that for all n > 1, there exist m n > n and t n £ B(t,2~ mnSr i) such that |AV)()| > 2~ mn . Observing that 
Fm{bri,ri) C F m (S e , e) since 0 < p < e and 5 V > 5 1 . Hence t £ F mn (S v , rf) (for all n large enough), whence, 
there is also no other jump in B(t , 2~ mnS, >) with size greater than 2 -mn( 4+ ? j). 

As in the previous proofs, up to extraction, we deduce that |AV^ | > 2 mn /3 for all n, where V B is 
one of the three coordinates of V B . Since V B (and so V B ) has no jump with size greater than 2 _m "( 1 +’)) 










The Multifractal Nature of Boltzmann Processes 


25 


in B(t n , 2 m "' 5 ’>), we may use Lemma E+]}(1) (because <5^/(1 + rj) = {h+v ^ 1+v) > (ft+e) 1 (1+e) > v) and 
the Borel-Cantelli Lemma, we deduce that a.s. for all n sufficiently large, setting r n = 

OSC B{tn , rn) (V B ) < 2 X sup \yB,m n {l+r,) _ yB,m n ( 1+,) | < 2m n 6 v 2- m ^ 1+rl '>. 

x,y&[0,l],\x-y\<2~ mnS ’J 


Moreover, 


lim 

n—>-+oo 


2m n 6 ri 2- m ^ 1+r >'> 


< lim 

n —>+oo 


2 777 -72 (5^ 2 


»(l+»7) 


l /3 


= 0. 


Applying Lemma r 1 Ail with g = V B , r n = 2 mnS v and S n = 2m n S r/ 2 m n(i+y)^ we obtain 


h X B (t) < lim inf 

n —>-+oo 


log (r„|AV£|) 
log(r„ + | t n - 1 1) 


< lim inf 

n—»-+oo 


log ^2~ mn ^ 1+s ^/s'j 
l0g(2.2 ~ m nS v ) 


1 + <5j7 

S v 


1 + h + g 


(4.16) 


because r n \AV t B \ > 2 ~ m "-G+ s y )/3 and r n + \t n —1\ < 2.2~ mnSr >. Since (14.1611 is satisfied for any 0 < g < e, 
then a.s. h X B(t) < 1 + h. That is, Ey£(h) C G(S e ,e). 

Step 3. From step 2 we deduce that Ey£(h) C f\|o G(<5 e , e). Hence, 


dim# ^EyB(h)') < dim# ^ P| G(S e ,e)j = inf ^2i/(l + 2 e)(h + e) — l^j = 2hv — 1. 

ej.0 ^ 


This ends the proof. 


□ 


4.5 Conclusion 

Proof of Provosition \2. 21 First, we now from Proposition 12.11 that, E V B(h) = 0 for h > \/v, so that 
obviously Eys{h) = 0. If now h = l/i/, then we deduce from Proposition 14.71 that Ey£(h) = 0, simply 
because a.s., for all t £ [0,1], h X B(t) < 1 + 1/v. 

As shown in Lemma 14.91 we also know that Ey£(h) = 0 for all h £ [0,1/(2 v)) and as seen in 
Proposition UTTJ dim H{Ey£(h)) < 2hv — 1 for all h £ [1 /(2^), \/v). 

It remains to verify that for all h £ [0,1/^], dim#(£y^ p (/i)) = hv . If h £ [0,1/(2 v)) or h = 1/v, it 
is obvious because Ey£(h) = 0 and by Proposition ^. 11 If next h £ \l/{2v), 1/v), it follows from the fact 
that E™B P (h) = E v b(K) \Eys{h) with dim h{E v b(Ji)) = hv (by Proposition 12. II) and dim n(EyE(h)) < 
2hv — 1 < hv. □ 

Finally, we verify that Theorems 11.71 and 11,101 imply Theorem ll.81 

Proof of Theorem, I /. + For any h £ [1,1 + 1 /v], we have E x (h) D E// lsp (h — 1), whence dim h{E x (K)) > 
dim H(E^f sp (h — 1)) = (h — l)v by Theorem 11.1 HI 
Next we obviously have a.s., for all t £ [0,1], 

h x (t)>h v (t) + 1, (4.17) 

whence E x (h) C Uh'</i-i Ey{h'). We thus infer from Theorem 11.71 that, E x (h) = 0 when h < 1. But 
when h £ [1,1 + l/v\, recalling Proposition [3+4] and the fact that A* s is decreasing with <5, we deduce that 
{Jh'<h-i E v(h') C Ufc'Sh-i n« e( o,i/v) A s c Whence we derive dim H (E x {h)) < (h - l)v 

from Proposition [3+2] 

It only remains to verify that E x (h) = 0 when h > 1 + 1/v. But in such a case, we know from 
Proposition 14.71 that E x b(Ii) = 0, whence E x (h) = Ub>i Ex B {h ) = 0. □ 
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